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ℵ0-CATEGORICITY OF SEMIGROUPS II
THOMAS QUINN-GREGSON
Abstract. A countable semigroup is ℵ0-categorical if it can be characterised, up to
isomorphism, by its first order properties. In this paper we continue our investigation
into the ℵ0-categoricity of semigroups. Our main results are a complete classification
of ℵ0-categorical orthodox completely 0-simple semigroups, and descriptions of the ℵ0-
categorical members of certain classes of strong semilattices of semigroups.
1. Introduction
A countable structure is ℵ0-categorical if it is uniquely determined by its first order
properties, up to isomorphism. The concept of ℵ0-categoricity arises naturally from model
theory, however it has a purely algebraic formulation, as we explain in Section 2. Significant
results exist for both relational and algebraic structures from the point of view of ℵ0-
categoricity, but, until recently, little was known in the context of semigroups. This article
is the second of a pair initiating and developing the study of ℵ0-categorical semigroups.
For background and motivation we refer the reader to [10] and our first article [5].
We explore in [5] the behaviour of ℵ0-categoricity with respect to standard construc-
tions, such as quotients and subsemigroups. For example, ℵ0-categoricity of a semigroup
is inherited by both its maximal subgroups and its principal factors. Differences with the
known theory for groups and rings emerged, for example, any ℵ0-categorical nil ring is
nilpotent, but the same is not true for semigroups. While keeping the machinery at a low
level, we were able to give, amongst other results, complete classifications of ℵ0-categorical
primitive inverse semigroups and of E-unitary inverse semigroups with finite semilattices
of idempotents.
For the work in this current article, it is helpful to develop some general strategies
and then apply them in various contexts. In view of this, in Section 2, we introduce ℵ0-
categoricity in the setting of (first order) structures. Although we will mostly be working in
the context of semigroups, this broader view will be useful for studying certain structures,
such as graphs and semilattices, which naturally arise in our considerations of semigroups.
Key results from [5] are given in this setting. In particular, we formalise the previously
defined concept of ℵ0-categoricity over a set of subsets; the ℵ0-categoricity of rectangular
bands over any set of subrectangular bands acts as a useful example.
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In Section 3 we construct a handy method for dealing with the ℵ0-categoricity of semi-
groups in which their automorphisms can be built from certain ingredients. This is then
used in Section 4 to study the ℵ0-categoricity of strong semilattices of semigroups. The
main results of this article are in Section 5, where we continue from [5] our study into the
ℵ0-categoricity of completely 0-simple semigroups. We follow a method of Graham and
Houghton by considering graphs arising from Rees matrix semigroups, which necessitated
our study of ℵ0-categoricity in the general setting of structures.
We shall assume that all structures considered will be of countable cardinality.
2. The ℵ0-categoricity of a structure
We begin by translating a number of results in [5] to the general setting of (first order)
structures. Their proofs easily generalize, and as such we shall omit them, referencing only
the corresonding result in [5].
A (first order) structure is a set M together with a collection of constants C, finitary
relationsR, and finitary functions F defined onM . We denote the structure as (M ;R,F,C),
or simply M where no confusion may arise. Each constant element is associated with a
constant symbol, each n-ary relation of M is associated with an n-ary relational symbol,
and each n-ary function is associated with an n-ary function symbol. The collection L
of these symbols is called the signature of M . We follow the usual convention of not
distinguishing between the constants/relations/functions of M , and their corresponding
abstract symbols in L.
Our main example is that of a semigroup (S, ·), where S is a set together with a single
(associative) binary operation · , and so the associated signature consists of a single binary
function symbol.
A property of a structure is first order if it can be formulated within first order predicate
calculus. A (countable) structure is ℵ0-categorical if it can be uniquely classified by its
first order properties, up to isomorphism.
Given a structure M , we say that a pair of n-tuples a = (a1, . . . , an) and b = (b1, . . . , bn)
of M are automorphically equivalent or belong to the same n-automorphism type if there
exists an automorphism φ of M such that aφ = b, that is, aiφ = bi for each i ∈ {1, . . . , n}.
We denote this equivalence relation as a ∼M,n b. We call Aut(M) oligomorphic if Aut(M)
has only finitely many orbits in its action onMn for each n ≥ 1, that is, if each |Mn/ ∼M,n |
is finite. The central result in the study of ℵ0-categorical structures is the Ryll-Nardzewski
Theorem, which translates the concept to the study of oligomorphic automorphism groups
(see [10]):
Theorem 2.1 (The Ryll-Nardzewski Theorem (RNT)). A structure M is ℵ0-categorical
if and only if Aut(M) is oligomorphic.
An immediate consequence of the RNT is that any characteristic substructure inherits
ℵ0-categoricity, where a subset is called characteristic if it is invariant under automorphisms
of the structure. However, key subsemigroups of a semigroup such as maximal subgroups
and principal ideals are not necessarily characteristic, and a more general definition is
required:
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Definition 2.2. [5, Definition 3.1] Let M be a structure and, for some fixed t ∈ N,
let {X i : i ∈ I} be a collection of t-tuples of M . Let {Ai : i ∈ I} be a collection
of subsets of M with the property that for any automorphism φ of M such that there
exists i, j ∈ I with X iφ = Xj, then φ|Ai is a bijection from Ai onto Aj. Then we call
A = {(Ai, X i) : i ∈ I} a system of t-pivoted pairwise relatively characteristic (t-pivoted
p.r.c.) subsets (or, substructure, if each Ai is a substructure) of M . The t-tuple X i is
called the pivot of Ai (i ∈ I). If |I| = 1 then, letting A1 = A and X1 = X, we write
{(A,X)} simply as (A,X), and call A an X-pivoted relatively characteristic (X-pivoted
r.c.) subset/substructure of M .
Definition 2.2 was shown to be of use in regard to, for example, Green’s relations. In
particular {(He, e) : e ∈ E(S)} was shown to form a system of 1-pivoted p.r.c. subgroups
of a semigroup S. It then follows from Proposition 2.3 that maximal subgroups inherit
ℵ0-categoricity, and moreover there exists only finitely many non-isomorphic maximal sub-
groups in an ℵ0-categorical semigroup.
Proposition 2.3. [5, Proposition 3.3] Let M be an ℵ0-categorical structure and {(Ai, X i) :
i ∈ I} a system of t-pivoted p.r.c. subsets of M . Then {|Ai| : i ∈ I} is finite. If, further,
each Ai forms a substructure of M , then {Ai : i ∈ I} is finite, up to isomorphism, with
each Ai ℵ0-categorical.
We use the RNT in conjunction with [5, Lemma 2.8] to prove that a structure M is ℵ0-
categorical in the following way. For each n ∈ N, let γ1, . . . , γr be a finite list of equivalence
relations on Mn such that Mn/γi is finite for each 1 ≤ i ≤ r and
γ1 ∩ γ2 ∩ · · · ∩ γr ⊆∼M,n .
A consequence of the two aforementioned results is that M is ℵ0-categorical. A condition
imposed on n-tuples of M will naturally translate to an equivalence relation, and we will
say that a condition has finitely many choices if its corresponding equivalence relation has
finitely many equivalence classes.
Example 2.4. Recalling [5, Example 2.10], consider the equivalence \X,n on n-tuples of a
set X given by
(2.1) (a1, . . . , an) \X,n (b1, . . . , bn) if and only if [ai = aj ⇔ bi = bj, for each i, j].
A pair of n-tuples a and b are \X,n-equivalent if and only if there exists a bijection φ :
{a1, . . . , an} → {b1, . . . , bn} such that aiφ = bi, and the number of \X,n-classes of Xn is
finite, for each n ∈ N. Note also that ifM is a structure then any pair of n-automorphically
equivalent tuples are clearly \M,n-equivalent.
Let M be a structure and A = {Ai : i ∈ I} a collection of subsets of M . We may extend
the signature of M to include the unary relations Ai (i ∈ I). We denote the resulting
structure as M¯ = (M ;A), which we call a set extension of M . If A = {A1, . . . , An} is
finite, then we may simply write M¯ as (M ;A1, . . . , An).
Notice that automorphisms of M¯ are simply those automorphisms of M which fix each
Mi setwise, that is automorphisms φ such that Aiφ = Ai (i ∈ I). The set of all such
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automorphisms will be denoted Aut(M ;A), and clearly forms a subgroup of Aut(M). The
ℵ0-categoricity of M¯ is therefore equivalent to our previous notion ofM being ℵ0-categorical
over A in [5].
Lemma 2.5. [5, Lemma 6.2] Let M be a structure with a system of t-pivoted p.r.c. subsets
{(Ai, X i) : i ∈ I}. Then (M ; {Ai : i ∈ I}) is ℵ0-categorical if and only if M is ℵ0-
categorical and I is finite.
Lemma 2.6. [5, Lemma 6.3] Let M be a structure, let t, r ∈ N, and for each 1 ≤ k ≤ r
let Xk ∈ M t. Suppose also that Ak is an Xk-pivoted relatively characteristic subset of M
for 1 ≤ k ≤ r. Then (M ;A1, . . . , Ar) is ℵ0-categorical if and only if M is ℵ0-categorical.
Consequently, if S is an ℵ0-categorical semigroup and G1, . . . , Gn is a collection of max-
imal subgroups of S then (S;G1, . . . , Gn) is ℵ0-categorical.
However, note that not every ℵ0-categorical set extension of a semigroup requires the
subsets to be relatively characteristic. We claim that any set extension of a rectangular
band by a finite set of subrectangular bands is ℵ0-categorical. This result is of particular
use in the next section when considering the ℵ0-categoricity of normal bands.
Recall that every rectangular band can be written as a direct product of a left zero and
right zero semigroup. The following isomorphism theorem for rectangular bands will be
vital for proving our claim, and follows immediately from [13, Corollary 4.4.3]:
Lemma 2.7. Let B1 = L1 × R1 and B2 = L2 × R2 be a pair of rectangular bands. If
φL : L1 → L2 and φR : R1 × R2 are a pair of bijections, then the map φ : B1 → B2
given by (l, r)φ = (lφL, rφR) is an isomorphism, denoted φ = φL × φR. Conversely, every
isomorphism can be constructed this way.
Theorem 2.8. If B is a rectangular band and B1, . . . , Br is a finite list of subrectangular
bands of B, then B¯ = (B;B1, . . . , Br) is ℵ0-categorical. In particular, a rectangular band
is ℵ0-categorical.
Proof. Let B = L × R, where L is a left zero semigroup and R is a right zero semigroup.
For each 1 ≤ k ≤ r, let
BLk = {i ∈ L : (i, j) ∈ Bk for some j ∈ R},
BRk = {j ∈ R : (i, j) ∈ Bk for some i ∈ L}.
Define a pair of equivalence relations σL and σR on L and R, respectively, by
i σL j ⇔ [i ∈ BLk ⇔ j ∈ BLk , for each k],
i σR j ⇔ [i ∈ BRk ⇔ j ∈ BRk , for each k].
The equivalence classes of σL are simply the set L \
⋃
1≤k≤r B
L
k together with certain
intersections of the sets BLk . Since r is finite, it follows that L/σL is finite, and similarly
R/σR is finite. Let a = ((i1, j1), . . . , (in, jn)) and b = ((k1, `1), . . . , (kn, `n)) be a pair of
n-tuples of B under the four conditions that
(1) is σL ks for each 1 ≤ s ≤ n,
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(2) js σR `s for each 1 ≤ s ≤ n,
(3) (i1, . . . , in) \L,n (k1, . . . , kn),
(4) (j1, . . . , jn) \R,n (`1, . . . , `n),
where \L,n and \R,n are the equivalence relations given by (2.1). By conditions (3) and (4),
there exists bijections
φL : {i1, . . . , in} → {k1, . . . , kn} and φR : {j1, . . . , jn} → {`1, . . . , `n}
given by isφL = ks and jsφR = `s for each 1 ≤ s ≤ n. By condition (1), we can pick a
bijection ΦL of L which extends φL and fixes each σL-classes setwise, and similarly construct
ΦR. Then Φ = ΦL × ΦR is an automorphism of B. Moreover, if (i, j) ∈ Bk then i ∈ BLk
and as i σL (iΦL) we have iΦL ∈ BLk . Dually, j ∈ BRk and as j σR (jΦR) we have jΦR ∈ BRk .
Hence there exists ` ∈ L and r ∈ R such that (iΦL, r) and (`, jΦR) are in Bk, so that
(iΦL, r)(`, jΦR) = (iΦL, jΦR) ∈ Bk
as Bk is a subrectangular band. We have thus shown that (i, j)Φ = (iΦL, jΦR) ∈ Bk, and
so BkΦ ⊆ Bk. We observe that Φ−1 = Φ−1L × Φ−1R is also an automorphism of B with Φ−1L
and Φ−1R setwise fixing the σL-classes and σR-classes, respectively. Following our previous
argument we have BkΦ−1 ⊆ Bk, and so BkΦ = Bk for each k. Thus Φ is an automorphism
of B¯, and is such that
(is, js)Φ = (isΦL, jsΦR) = (isφL, jsφR) = (ks, `s)
for each 1 ≤ s ≤ n, so that a ∼B¯,n b. Hence, as each of the four conditions on a and b
have finitely many choices, it follows that B¯ is ℵ0-categorical. 
Note that any set can be considered as a structure with no relations, functions or con-
stants. Every bijection of the set is therefore an automorphism, and as such all sets are
easily shown to be ℵ0-categorical. In fact a simplification of the proof of Theorem 2.8 gives:
Corollary 2.9. Let M be a set, and M1, . . . ,Mr be a finite list of subsets of M . Then
(M ;M1, . . . ,Mr) is ℵ0-categorical.
3. A new method: (M,M ′; N¯ ; Ψ)-systems
For many of the structures we will consider, automorphisms can be built from iso-
morphisms between their components. For example, for a strong semilattice of semigroups
S = [Y ;Sα;ψα,β], we can construct automorphisms of S from certain isomorphisms between
the semigroups Sα. In this example we also require an automorphism of the semilattice Y ,
which acts as an indexing set for the semigroups Sα. We now extend this idea by setting
up some formal machinery to deal with structures in which the automorphisms are built
from a collection of data.
Notation 3.1. Given a pair of structures M and M ′, we let Iso(M ;M ′) denote the set of
all isomorphisms from M onto M ′.
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Definition 3.2. Let M be an L-structure with fixed substructure M ′. Let A = {Mi :
i ∈ N} be a set of substructures of M ′ indexed by some K-structure N such that M ′ =⋃
i∈N Mi. Let N1, . . . , Nr be a finite partition of N , and set N¯ = (N ;N1, . . . , Nr). For each
i, j ∈ N , let Ψi,j be a subset of Iso(Mi;Mj) under the conditions that
(3.1) if i, j ∈ Nk for some 1 ≤ k ≤ r then Ψi,j 6= ∅,
(3.2) if φ ∈ Ψi,j and φ′ ∈ Ψj,` then φφ′ ∈ Ψi,`,
(3.3) if φ ∈ Ψi,j then φ−1 ∈ Ψj,i,
(3.4) if pi ∈ Aut(N¯) and φi ∈ Ψi,ipi for each i ∈ N , then there exists an automorphism of
M extending the φi.
Letting Ψ =
⋃
i,j∈N Ψi,j, then, under the conditions above, we call A = {Mi : i ∈ N}
an (M,M ′; N¯ ; Ψ)-system (in M). If M ′ = M then we may simply refer to this as an
(M ; N¯ ; Ψ)-system.
By Condition (3.1) if i, j ∈ Nk for some k, then Mi ∼= Mj. Hence the number of
isomorphism types in A is bounded by r. Moreover, it follows from Conditions (3.1), (3.2),
and (3.3) that Ψi,i is a subgroup of Aut(Mi), for each i ∈ N . If the setsMi are not pairwise
disjoint, then Condition (3.4) should be met with caution. Indeed, if x ∈Mi ∩Mj then by
taking pi to be the identity map of N¯ , we have that xφi, xφj ∈Mi∩Mj for all φi ∈ Aut(Mi)
and φj ∈ Aut(Mj) by Condition (3.4). However, for our work the sets Mi will mostly be
pairwise disjoint, or will all intersect at an element which is fixed by every isomorphism
between the Mi. For example, M could be a semigroup containing a zero, and 0 is the
intersection of each of the sets Mi.
Note also that no link needs to exist between the signatures L and K. For most of our
examples they will be the signature of semigroups and the signature of sets (the empty
signature), respectively.
Given an (M ;M ′; N¯ ; Ψ)-system A = {Mi : i ∈ N} in M , we aim to show that, if N
is ℵ0-categorical and each Mi possess a stronger notion of ℵ0-categoricity, then M is ℵ0-
categorical. The stronger notion that we require comes from the following definition, which
generalises the notion of ℵ0-categoricity of set extensions.
Definition 3.3. Let M be a structure and Ψ a subgroup of Aut(M). Then we say that
that M is ℵ0-categorical over Ψ if Ψ has only finitely many orbits in its action on Mn for
each n ≥ 1. We denote the resulting equivalence relation on Mn as ∼M,Ψ,n.
By taking Ψ to be those automorphisms which fix certain subsets of M we recover
our original definition of ℵ0-categoricity of a set extension. Similarly, by taking Ψ to be
those automorphisms which preserve a fixed equivalence relation, or those which fix certain
equivalence classes, we obtain a pair of notions defined in [5].
Lemma 3.4. Let M be a structure, and A = {Mi : i ∈ N} be an (M,M ′; N¯ ; Ψ)-system.
If N¯ is ℵ0-categorical and each Mi is ℵ0-categorical over Ψi,i then
|(M ′)n/ ∼M,n | < ℵ0
for each n ≥ 1.
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Proof. Let N¯ = (N ;N1, . . . , Nr) and, for each 1 ≤ k ≤ r, fix some mk ∈ Nk. For each
i ∈ Nk, let θi ∈ Ψi,mk , noting that such an element exists by Condition (3.1) on Ψ. Let
a = (a1, . . . , an) and b = (b1, . . . , bn) be a pair of n-tuples ofM ′, with at ∈Mit and bt ∈Mjt ,
and such that (i1, . . . , in) ∼N¯,n (j1, . . . , jn) via pi ∈ Aut(N¯), say. For each 1 ≤ k ≤ r, let
ik1, ik2, . . . , iknk be the entries of (i1, . . . , in) belonging to Nk, where k1 < k2 < · · · < knk,
and set
ak = (ak1, . . . , aknk) ∈ (M ′)nk .
We similarly form each bk, observing that as itpi = jt for each 1 ≤ t ≤ n and pi fixes the sets
Nj setwise (1 ≤ j ≤ r) the elements jk1, jk2, . . . , jknk are precisely the entries of (j1, . . . , jn)
belonging to Nk, so that bk = (bk1, . . . , bknk) for some bkt ∈ M ′. Notice that as N1, . . . , Nr
partition N we have n = n1 + n2 + · · · + nr. Since ikt, jkt ∈ Nk for each 1 ≤ t ≤ nk, we
have that aktθikt and bktθjkt are elements of Mmk . We may thus suppose further that for
each 1 ≤ k ≤ r,
(ak1θik1 , . . . , aknkθiknk ) ∼Mmk ,Ψmk,mk ,nk (bk1θjk1 , . . . , bknkθjknk )
via σk ∈ Ψmk,mk , say (where if ak is a 0-tuple, then we take σk to be the identity of Nmk).
For each 1 ≤ k ≤ r and each i ∈ Nk, let
φi = θiσkθ
−1
ipi : Mi →Mipi,
noting that φi ∈ Ψi,ipi by Conditions (3.2) and (3.3) on Ψ, since θi, σk and θipi are elements
of Ψ. Hence, by Condition (3.4) on Ψ, there exists an automorphism φ of M extending
each φi. For any 1 ≤ k ≤ r and any 1 ≤ t ≤ nk we have
aktφ = aktφikt = aktθiktσkθ
−1
iktpi
= bktθjktθ
−1
jkt
= bkt,
and so a ∼M,n b via φ. Since N¯ is ℵ0-categorical and each Mi are ℵ0-categorical over
Ψi,i, the conditions imposed on the tuples a and b have finitely many choices, and so
|(M ′)n/ ∼M,n | is finite. 
Notice that, by Corollary 2.9, the structure N in the lemma above can simply be a set.
In most cases we takeM ′ = M , and the result simplifies accordingly by the RNT as follows.
Corollary 3.5. Let M be a structure, and A = {Mi : i ∈ N} be an (M ; N¯ ; Ψ)-system. If
N¯ is ℵ0-categorical and each Mi is ℵ0-categorical over Ψi,i, then M is ℵ0-categorical.
Example 3.6. Corollary 3.5 could be used to prove more efficiently how ℵ0-categoricity
interplays with the greatest 0-direct decomposition of a semigroup with zero [5, Proposition
5.6]. Indeed, if S =
⊔0
i∈I Si is the greatest 0-direct decomposition of S, and I1, . . . , In is a
finite partition of I corresponding to the isomorphism types of the summands of S, then
it is a simple exercise to show that S = {Si : i ∈ I} is an (S; (I; I1, . . . , In); Ψ)-system,
where Ψ is the collection of all isomorphisms between summands. Since (I; I1, . . . , In) is
ℵ0-categorical, it follows by Corollary 3.5 that S is ℵ0-categorical if each Si is ℵ0-categorical
(over Ψi = Aut(Si)).
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4. Strong semilattices of semigroups
In this section we study the ℵ0-categoricity of strong semilattices of semigroups by mak-
ing use of our most recent methodology. We are motivated by the work of the author in
[18] and [19], where the homogeneity of bands and inverse semigroups are shown to de-
pend heavily on the homogeneity of strong semilattices of rectangular bands and groups,
respectively. Recall that a structure is homogeneous if every isomorphism between finitely
generated substructures extend to an automorphism. A uniformally locally finite homo-
geneous structure is ℵ0-categorical [15, Corollary 3.1.3]. Consequently, each homogeneous
band is ℵ0-categorical, although the same is not true for homogeneous inverse semigroups.
Let Y be a semilattice. To each α ∈ Y associate a semigroup Sα, and assume that
Sα ∩ Sβ = ∅ if α 6= β. For each pair α, β ∈ Y with α ≥ β, let ψα,β : Sα → Sβ be a
morphism such that ψα,α is the identity mapping and if α ≥ β ≥ γ then ψα,βψβ,γ = ψα,γ.
On the set S =
⋃
α∈Y Sα define a multiplication by
a ∗ b = (aψα,αβ)(bψβ,αβ)
for a ∈ Sα, b ∈ Sβ, and denote the resulting structure by S = [Y ;Sα;ψα,β]. Then S is
a semigroup, and is called a strong semilattice Y of the semigroups Sα (α ∈ Y ). The
semigroups Sα are called the components of S. We follow the convention of denoting an
element a of Sα as aα.
The idempotents of S = [Y ;Sα;ψα,β] are given by E(S) =
⋃
α∈Y E(Sα), and if E(S)
forms a subsemigroup of S then
E(S) = [Y ;E(Sα);ψα,β|E(Sα)].
We build automorphisms of strong semilattices of semigroups in a natural way using the
following well known result. A proof can be found in [17].
Theorem 4.1. Let S = [Y ;Sα;ψα,β] be a strong semilattices of semigroups. Let pi ∈
Aut(Y ) and, for each α ∈ Y , let θα : Sα → Sαpi be an isomorphism. Assume further that
for any α ≥ β, the diagram
Sα
ψα,β

θα // Sαpi
ψαpi,βpi

Sβ
θβ // Sβpi
(4.1)
commutes. Then the map θ =
⋃
α∈Y θα is an automorphism of S, denoted θ = [θα, pi]α∈Y .
We denote the diagram (4.1) by [α, β;αpi, βpi]. The map pi is called the induced (semi-
lattice) automorphism of Y , denoted θY .
Unfortunately, not all automorphisms of strong semilattices of semigroups can be
constructed as in Theorem 4.1. We shall call a strong semilattice of semigroups S
automorphism-pure if every automorphism of S can be constructed as in Theorem 4.1.
For example, every strong semilattice of completely simple semigroups is automorphism-
pure [16, Lemma IV.1.8], and so both strong semilattices of groups (Clifford semigroups)
and strong semilattices of rectangular bands (normal bands) are automorphism-pure.
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Let S = [Y ;Sα;ψα,β] be a strong semilattice of semigroups. We denote the equivalence
relation on Y corresponding to isomorphism types of the semigroups Sα by ηS, so that
α ηS β ⇔ Sα ∼= Sβ. We let Y S denote the set extension of Y given by Y S = (Y ;Y/ηS).
Proposition 4.2. Let S = [Y ;Sα;ψα,β] be automorphism-pure and ℵ0-categorical. Then
each Sα is ℵ0-categorical and Y S is ℵ0-categorical, with Y/ηS finite.
Proof. For each α ∈ Y fix some xα ∈ Sα. We claim that {(Sα, xα) : α ∈ Y } forms a system
of 1-pivoted p.r.c. subsemigroups of S. Indeed, let θ be an automorphism of S such that
xαθ = xβ for some α, β ∈ Y . Since S is automorphism-pure, there exists pi ∈ Aut(Y ) and
isomorphisms θα : Sα → Sαpi (α ∈ Y ) such that θ = [θα, pi]α∈Y . Hence Sαθ = Sβ, and the
claim follows. Consequently, by the ℵ0-categoricity of S and Proposition 2.3, each Sα is
ℵ0-categorical and Y/ηS is finite.
Let a = (α1, . . . , αn) and b = (β1, . . . , βn) be a pair of n-tuples of Y such that there exists
aαk ∈ Sαk and bβk ∈ Sβk with (aα1 , . . . , aαn) ∼S,n (bβ1 , . . . , bβn) via [θ′α, pi′]α∈Y ∈ Aut(S),
say. Since pi′ ∈ Aut(Y ) and Sα ∼= Sαpi′ for each α ∈ Y , it follows that pi′ ∈ Aut(Y S).
Moreover, αkpi′ = βk for each k, so that a ∼Y S ,n b via pi′. We have thus shown that
|Y n/ ∼Y S ,n | ≤ |Sn/ ∼S,n | < ℵ0,
as S is ℵ0-categorical. Hence Y S is ℵ0-categorical. 
A natural question arises: how can we built an ℵ0-categorical strong semilattice of semi-
groups from an ℵ0-categorical semilattice and a collection of ℵ0-categorical semigroups? In
this paper we will only be concerned with the ℵ0-categoricity of strong semilattices of semi-
groups in which all connecting morphisms are injective or all are constant. For arbitrary
connecting morphisms, the problem of assessing ℵ0-categoricity appears to be difficult to
capture in a reasonable way. Examples of more complex ℵ0-categorical strong semilattices
of semigroups arise from [18], where the universal normal band is shown to have surjective
but not injective connecting morphisms. We first study the case where each connecting
morphism is a constant map.
Suppose that Y is a semilattice and, for each α ∈ Y , Sα is a semigroup containing an
idempotent eα. For each α ∈ Y let ψα,α be the identity automorphism of Sα, and for
α > β let ψα,β be the constant map with image {eβ}. We follow the notation of [23] and
let ψα,β := Cα,eβ for each α > β in Y . It is easy to check that ψα,βψβ,γ = ψα,γ for all
α ≥ β ≥ γ in Y , so that S = [Y ;Sα;Cα,eβ ] forms a strong semilattice of semigroups. We
call S a constant strong semilattice of semigroups.
Definition 4.3. If S = [Y ;Sα;Cα,eβ ] is a constant strong semilattice of semigroups, then
we denote the subset of Iso(Sα;Sβ) consisting of those isomorphisms which map eα to eβ as
Iso(Sα;Sβ)[eα;eβ ]. Notice that the set Iso(Sα;Sα)[eα;eα] is simply the subgroup Aut(Sα; {eα})
of Aut(Sα). We may then define a relation υS on Y by
α υS β ⇔ Iso(Sα;Sβ)[eα;eβ ] 6= ∅,
so that υS ⊆ ηS.
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The relation υS is reflexive since 1Sα ∈ Aut(Sα; {eα}) for each α ∈ Y , and it easily
follows that υS forms an equivalence relation on Y .
Proposition 4.4. Let S = [Y ;Sα;Cα,eβ ] be such that Y/υS = {Y1, . . . , Yr} is finite, Y =
(Y ;Y1, . . . , Yr) is ℵ0-categorical and each Sα is ℵ0-categorical. Then S is ℵ0-categorical.
Proof. We prove that {Sα : α ∈ Y } forms an (S;Y ; Ψ)-system for some Ψ. For each
α, β ∈ Y , let Ψα,β = Iso(Sα;Sβ)[eα;eβ ] and fix Ψ =
⋃
α,β∈Y Ψα,β. Then Conditions (3.1),
(3.2) and (3.3) are seen to be satisfied since υS forms an equivalence relation on Y . Let
pi ∈ Aut(Y) and, for each α ∈ Y , let θα ∈ Ψα,αpi. We claim that θ = [θα, pi]α∈Y is an
automorphism of S. Indeed, for any sα ∈ Sα and any β < α we have
sαCα,eβθβ = eβθβ = eβpi = sαθαCαpi,eβpi
so that the diagram [α, β;αpi, βpi] commutes. Moreover [α, α;αpi, αpi] commutes as
sα1Sαθα = sαθα = sαθα1Sαpi ,
and the claim follows by Theorem 4.1. Since θ extends each θα, we have that {Sα : α ∈ Y }
is an (S;Y ; Ψ)-system. Moreover, as Sα is ℵ0-categorical, it is ℵ0-categorical over Ψα,α =
Aut(Sα; {eα}) by [5, Lemma 2.6]. Hence S is ℵ0-categorical by Corollary 3.5. 
Examining our two main classes of automorphism-pure strong semilattices of semi-
groups: Clifford semigroups and normal bands, the result above reduces accordingly. If
S = [Y ;Gα;Cα,eβ ] is a constant strong semilattice of groups, then eα is the identity of
Gα, and so Iso(Gα;Gβ) = Iso(Gα;Gβ)[eα;eβ ] for each α, β ∈ Y . On the other hand,
if S = [Y ;Bα;Cα,eβ ] is a constant strong semilattice of rectangular bands, then it fol-
lows from Lemma 2.7 that Iso(Bα;Bβ) 6= ∅ if and only if Iso(Bα;Bβ)[eα;eβ ] 6= ∅, for any
eα ∈ Bα, eβ ∈ Bβ. In both cases we therefore have υS = ηS. Moreover, each rectangular
band Bα is ℵ0-categorical by Theorem 2.8, and the following result is then immediate by
Propositions 4.2 and 4.4.
Corollary 4.5. Let S = [Y ;Sα;Cα,eβ ] be a constant strong semilattice of rectangular bands
(groups). Then S is ℵ0-categorical if and only if Y S is ℵ0-categorical, with Y/ηS finite (and
each group Sα is ℵ0-categorical).
We now consider the ℵ0-categoricity of a strong semilattice of semigroups S =
[Y ;Sα;ψα,β] such that each connecting morphism is injective. For each α > β in Y ,
we abuse notation somewhat by denoting the isomorphism ψ−1α,β|Imψα,β simply by ψ−1α,β. We
observe that if α > β > γ and xγ ∈ Im ψα,γ, say xγ = xαψα,γ, then
xγψ
−1
α,γψα,β = xαψα,γψ
−1
α,γψα,β = xαψα,β = xγψ
−1
β,γ.
Hence, on the restricted domain Im ψα,γ, we have
(4.2) ψ−1α,γψα,β = ψ
−1
β,γ.
If Y has a zero (i.e. a minimum element under the natural order) we may define an
equivalence relation ξS on Y by α ξS β if and only if Sαψα,0 = Sβψβ,0. If α ξS β then
ψα,0ψ
−1
β,0 is an isomorphism from Sα onto Sβ, and so ξS ⊆ ηS.
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Proposition 4.6. Let S = [Y ;Sα;ψα,β] be such that each ψα,β is injective. Let Y be a
semilattice with zero and Y/ξS = {Y1, . . . , Yr} be finite, with
{Sαψα,0 : α ∈ Y } = {T1, . . . , Tr}.
Then S is ℵ0-categorical if both Y = (Y ;Y1, . . . , Yr) and S0 = (S0;T1, . . . , Tr) are ℵ0-
categorical. Moreover, if S is automorphism-pure and ℵ0-categorical, then conversely both
Y and S0 are ℵ0-categorical.
Proof. Suppose first that both Y and S0 are ℵ0-categorical. Let a = (aα1 , . . . , aαn) and
b = (bβ1 , . . . , bβn) be n-tuples of S with (α1, . . . , αn) ∼Y,n (β1, . . . , βn) via pi ∈ Aut(Y),
say. Suppose further that
(aα1ψα1,0, . . . , aαnψαn,0) ∼S0,n (bβ1ψβ1,0, . . . , bβnψβn,0)
via θ0 ∈ Aut(S0), say. Then for each α ∈ Y we have Sαψα,0 = Sαpiψαpi,0, and so we can
take an isomorphism θα : Sα → Sαpi given by
θα = ψα,0 θ0 ψ
−1
αpi,0.
For each α ≥ β in Y , the diagram [α, β;αpi, βpi] commutes as
ψα,β θβ = ψα,β (ψβ,0 θ0 ψ
−1
βpi,0) = ψα,0 θ0 ψ
−1
βpi,0
= ψα,0 θ0 (ψ
−1
αpi,0 ψαpi,βpi) = θα ψαpi,βpi,
where the penultimate equality is due to (4.2) as Im ψαpi,0 = Im ψα,0 = (Im ψα,0)θ0. Hence
θ = [θα, pi]α∈Y is an automorphism of S by Theorem 4.1. Furthermore,
aαkθ = aαkθαk = aαkψαk,0 θ0 ψ
−1
αkpi,0
= bβkψβk,0 ψ
−1
βk,0
= bβk
for each 1 ≤ k ≤ n, so that a ∼S,n b via θ. We thus have that
|Sn/ ∼S,n | ≤ |Yn/ ∼Y,n | · |Sn0 / ∼S0,n | < ℵ0
and so S is ℵ0-categorical.
Conversely, suppose S is automorphism-pure and ℵ0-categorical. For each 1 ≤ k ≤ r,
fix some γk ∈ Yk, where we assume w.l.o.g. that Sγkψγk,0 = Tk. For each α ∈ Y , fix some
xα ∈ Sα. Let a = (α1, . . . , αn) and b = (β1, . . . , βn) be n-tuples of Y such that
(xα1 , . . . , xαn , xγ1 , . . . , xγr) ∼S,n+r (xβ1 , . . . , xβn , xγ1 , . . . , xγr),
via θ ∈ Aut(S), say. Since S is automorphism-pure there exists pi ∈ Aut(Y ) and θα ∈
Iso(Sα;Sαpi) such that θ = [θα, pi]α∈Y . The automorphism pi fixes each γk, so that Sγkθ =
Sγk . Hence, as the diagram [γk, 0; γk, 0] commutes for each k, we have
Tk = Sγkψγk,0 = (Sγkθγk)ψγk,0 = Sγkψγk,0θ0 = Tkθ0 = Tkθ.
If α ∈ Yk then, by the commutativity of the diagram [α; 0;αpi, 0], we therefore have
Sαψα,0 = Tk = Tkθ0 = Sαψα,0θ0 = Sαθαψαpi,0 = Sαpiψαpi,0,
and so pi ∈ Aut(Y). We have shown that
|Yn/ ∼Y,n | ≤ |Sn+r/ ∼S,n+r | < ℵ0
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and so Y is ℵ0-categorical. Now suppose c and d are n-tuples of S0 such that
(c, xγ1 , . . . , xγr) ∼S,n+r (d, xγ1 , . . . , xγr),
via θ′ = [θ′α, pi′]α∈Y ∈ Aut(S), say. Then arguing as before we have that Tkθ′ = Tk for each
k, and it follows that θ′0 ∈ Aut(S0), with cθ′0 = d. Hence
|Sn0 / ∼S0,n | ≤ |Sn+r/ ∼S,n+r | < ℵ0
and so S0 is ℵ0-categorical. 
Note that if Y is finite, then the meet of all the elements of Y is a zero. Moreover, as
Y is finite, it is ℵ0-categorical over any set of subsets by the RNT, and so the result above
simplifies accordingly in this case:
Corollary 4.7. Let S = [Y ;Sα;ψα,β] be such that Y is finite and each ψα,β is injective. If
S0 = (S0; {Sαψα,0 : α ∈ Y }) is ℵ0-categorical then S is ℵ0-categorical. Conversely, if S is
automorphism-pure and ℵ0-categorical then S0 is ℵ0-categorical.
For a Clifford semigroup S, the property that the connecting morphisms are injective is
equivalent to S being is E-unitary, that is, such that for all e ∈ E(S) and all s ∈ S, if es ∈ E
then s ∈ E(S) [13, Exercise 5.20]. Since Clifford semigroups are automorphism-pure, we
therefore have the following simplification of Proposition 4.6.
Corollary 4.8. Let S = [Y ;Gα;ψα,β] be an E-unitary Clifford semigroup. Let Y be a
semilattice with zero and Y/ξS be finite. Then S is ℵ0-categorical if and only if (Y ;Y/ξS)
and (S0; {Sαψα,0 : α ∈ Y }) are ℵ0-categorical. In particular, if Y is finite then S is
ℵ0-categorical if and only if (S0; {Sαψα,0 : α ∈ Y }) is ℵ0-categorical.
Example 4.9. We use the work of Apps [1] to construct examples of ℵ0-categorical E-
unitary Clifford semigroups as follows. Let G be an ℵ0-categorical group and H1 < H2 <
· · · a characteristic series in G, so that each Hi is a characteristic subgroup of G and Hi
is a subgroup of Hi+1. Apps proved that such a series must be finite, and there exists
a characteristic series {1} = G0 < G1 < G2 < · · · < Gn = G with each Gi/Gi−1 a
characteristically simple ℵ0-categorical group. For each 0 ≤ i ≤ n, let Ki = Gi × {i}
be an isomorphic copy of Gi. For each 0 ≤ i ≤ j ≤ n, let ψi,j : Ki → Kj be the
map given by (x, i)ψi,j = (x, j). Then we may form a strong semilattice of the groups
Ki by taking S = [Y ;Ki;ψi,j], where Y is the set {0, 1, . . . , n} with the reverse ordering
0 > 1 > 2 > · · · > n. Notice that S is E-unitary as each connecting morphism is injective.
Moreover, each Kiψi,n = Gi × {n} is a characteristic subgroup of Kn = Gn × {n}. Hence,
by Lemma 2.6, (Kn; {Kiψi,n : 1 ≤ i ≤ n}) is ℵ0-categorical. Since Y is finite, we have that
(Y ;Y/ξS) is ℵ0-categorical, and so S is ℵ0-categorical by Corollary 4.8.
If S = [Y ;Sα;ψα,β] is such that each connecting morphism is an isomorphism, then
Y/ξS = {Y }, and so the result above simplifies accordingly. However we can prove a more
general result directly (without the condition that Y has a zero) with aid of the following
proposition. The result is folklore, but a proof can be found in [17].
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Proposition 4.10. Let S = [Y ;Sα;ψα,β] be such that each ψα,β is an isomorphism. Then
S ∼= Sα × Y for any α ∈ Y . Conversely, if T is a semigroup and Z is a semilattice
then T × Z is isomorphic to a strong semilattice of semigroups such that each connecting
morphism is an isomorphism.
Corollary 4.11. Let S = [Y ;Sα;ψα,β] be such that each ψα,β is an isomorphism. If Sα
and Y are ℵ0-categorical, then S is ℵ0-categorical. Moreover, if S is automorphism-pure
then the converse holds.
Proof. By Proposition 4.10, S is isomorphic to Sα× Y for any α ∈ Y . The first half of the
result then follows as ℵ0-categoricity is preserved by finite direct product [8].
If S is automorphism-pure then the converse holds by Proposition 4.2, as (Y ;Y/ηS)
being ℵ0-categorical clearly implies Y is ℵ0-categorical. 
5. ℵ0-categorical Rees matrix semigroups
A semigroup S is called simple (0-simple) if it has no proper ideals (if its only proper
ideal is {0} and S2 6= {0}). A simple (0-simple) semigroup is called completely simple
(completely 0-simple) if contains a primitive idempotent, i.e. a non-zero idempotent e such
that for any non-zero idempotent f of S,
ef = fe = f ⇒ e = f.
By Rees Theorem [20], to study the ℵ0-categoricity of a completely 0-simple semigroup, it
is sufficient to consider Rees matrix semigroups:
Theorem 5.1 (The Rees Theorem). Let G be a group, let I and Λ be non-empty index
sets and let P = (pλ,i) be an Λ × I matrix with entries in G ∪ {0}. Suppose no row or
column of P consists entirely of zeros (that is, P is regular). Let S = (I × G× Λ) ∪ {0},
and define multiplication ∗ on S by
(i, g, λ) ∗ (j, h, µ) =
{
(i, gpλ,jh, µ) if pλ,j 6= 0
0 else
0 ∗ (i, g, λ) = (i, g, λ) ∗ 0 = 0 ∗ 0 = 0.
Then S is a completely 0-simple semigroup, denotedM0[G; I,Λ;P ], and is called a (regu-
lar) Rees matrix semigroup (over G). Conversely, every completely 0-simple semigroup is
isomorphic to a Rees matrix semigroup.
The matrix P is called the sandwich matrix of S. Note that if S is a completely simple
semigroup, then S0 is isomorphic to a Rees matrix semigroup with sandwich matrix without
zero entries [13, Section 3.3]. Consequently, by the Rees Theorem and [5, Corollary 2.12], to
examine the ℵ0-categoricity of both completely simple and completely 0-simple semigroups,
it suffices to study Rees matrix semigroups (having 0, as in our convention above).
A fundamental discovery in [5] was that to understand the ℵ0-categoricity of an arbi-
trary semigroup, it is necessary to study ℵ0-categorical completely (0-)simple semigroups.
Indeed, they arise as principal factors of an ℵ0-categorical semigroup, as well as giving
examples of 0-direct indecomposable summands in a semigroup with zero.
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In [5] the ℵ0-categoricity of Rees matrix semigroups over identity matrices (known as
Brandt semigroups) were determined, although we deferred the general case to this current
article.
Given a Rees matrix semigroup S =M0[G; I,Λ;P ] with P = (pλ,i), we let G(P ) denote
the subset of G of all non-zero entries of P , that is, G(P ) := {pλ,i : pλ,i 6= 0}. The
idempotents of S are easily described [13, Page 71]:
E(S) = {(i, p−1λ,i , λ) : pλ,i 6= 0}.
Since there exists a simple isomorphism theorem for Rees matrix semigroups [13, Theo-
rem 3.4.1] (see Theorem 5.9), we should be hopeful of achieving a thorough understanding
of ℵ0-categorical Rees matrix semigroups via the RNT. However, from the isomorphism
theorem it is not clear how the ℵ0-categoricity of the semigroup M0[G; I,Λ;P ] effects
the sets I and Λ. We instead follow a technique of Graham [6] and Houghton [11] of
constructing a bipartite graph from the sets I and Λ.
A bipartite graph is a (simple) graph whose vertices can be split into two disjoint non-
empty sets L and R such that every edge connects a vertex in L to a vertex in R. The sets
L and R are called the left set and the right set, respectively. Formally, a bipartite graph
is a triple Γ = 〈L,R,E〉 such that L and R are non-empty trivially intersecting sets and
E ⊆ {{x, y} : x ∈ L, y ∈ R}.
We call L∪R the set of vertices of Γ and E the set of edges. An isomorphism between a pair
of bipartite graphs Γ = 〈L,R,E〉 and Γ′ = 〈L′, R′, E ′〉 is a bijection ψ : L ∪ R → L′ ∪ R′
such that Lψ = L′, Rψ = R′, and {l, r} ∈ E if and only if {lψ, rψ} ∈ E ′. We are
therefore regarding bipartite graphs in the signature LBG = {QL, QR, E}, where QL and
QR are unary relations, which correspond to the sets L and R, respectively, and E is a
binary relation corresponding to the edge relation (here we abuse the notation somewhat
by letting E denote the edge relation and the set of edges).
Let Γ = 〈L,R,E〉 be a bipartite graph. Then Γ is called complete if, for all x ∈ L, y ∈ R,
we have {x, y} ∈ E. If E = ∅ then Γ is called empty. If each vertex of Γ is incident to
exactly one edge, then Γ is called a perfect matching. The complement of Γ is the bipartite
graph 〈L,R,E ′〉 with
E ′ = {{x, y} : x ∈ L, y ∈ R, {x, y} 6∈ E}.
Hence an empty bipartite graph is the complement of a complete bipartite graph, and vice-
versa. We call Γ random if, for each k, ` ∈ N, and for every distinct x1, . . . , xk, y1, . . . , y` in
L (in R) there exists infinitely many u ∈ R (u ∈ L) such that {u, xi} ∈ E but {u, yj} 6∈ E
for each 1 ≤ i ≤ k and 1 ≤ j ≤ `.
Clearly, for each pair n,m ∈ N∗ = N ∪ {ℵ0}, there exists a unique (up to isomorphism)
complete biparite graph with left set of size n and right set of size m, which we denote as
Kn,m. There also exists a unique, up to isomorphism, perfect matching with left and right
sets of size n, denoted Pn. Similar uniqueness holds for the empty bipartite graph En,m
with left set of size n and right set of size m, and the complement of the perfect matching
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Pn, which we denote as CPn. Less obviously, any pair of random bipartite graphs are
isomorphic [3].
Theorem 5.2. [4] A bipartite graph is homogeneous if and only if it is isomorphic to either
Kn,m, En,m, Pn, CPn for some n,m ∈ N∗, or the random bipartite graph.
Since bipartite graphs are relational structures with finitely many relations, homogeneous
bipartite graphs are uniformally locally finite, and thus ℵ0-categorical [15, Corollary 3.1.3].
Unfortunately, no full classification of ℵ0-categorical bipartite graphs exist.
Let Γ = 〈L,R,E〉 be a bipartite graph. A path p in Γ is a finite sequence of vertices
p = (v0, v1, . . . , vn)
such that vi and vi+1 are adjacent for each 0 ≤ i ≤ n− 1. For example, if {x, y} is an edge
in E then both (x, y) and (y, x) are paths in Γ. A pair of vertices x and y are connected,
denoted x 1 y, if and only if x = y or there exists a path (v1, v2, . . . , vn) in Γ such that
v1 = x and vn = y. It is clear that 1 is an equivalence relation on the set of vertices
of Γ, and we call the equivalence classes the connected components of Γ. Each connected
component is a sub-bipartite graph of Γ under the induced structure, and we let C(Γ)
denote the set of connected components of Γ.
Let Γ be a bipartite graph with C(Γ) = {Γi : i ∈ A}. For any automorphism φ of Γ and
x, y ∈ Γ we have that (x, v2, . . . , vn−1, y) is a path in Γ if and only if (xφ, v2φ, . . . , vn−1φ, yφ)
is a path in Γ, since φ preserves edges and non-edges. Hence x 1 y if and only if xφ 1 yφ,
and so there exists a bijection pi of A such that Γiφ = Γipi for each i ∈ I. We have thus
proven the reverse direction of the following result, the forward being immediate.
Proposition 5.3. Let Γ = 〈L,R,E〉 be a bipartite graph with C(Γ) = {Γi : i ∈ A}. Let pi
be a bijection of A and φi : Γi → Γipi an isomorphism for each i ∈ A. Then
⋃
i∈I φi is an
automorphism of Γ. Conversely, every automorphism of Γ can be constructed in this way.
Proposition 5.4. Let Γ = 〈L,R,E〉 be a bipartite graph with C(Γ) = {Γi : i ∈ A}. Then
Γ is ℵ0-categorical if and only if each connected component is ℵ0-categorical and C(Γ) is
finite, up to isomorphism.
Proof. (⇒) By Proposition 5.3 we have that, for any choice of xi ∈ Γi (i ∈ A), the set
{(Γi, xi) : i ∈ A} forms a system of 1-pivoted p.r.c. sub-bipartite graphs of Γ. The result
then follows from Proposition 2.3.
(⇐) First we show that C(Γ) forms a (Γ; A¯; Ψ)-system in Γ for some A¯ and Ψ. Let
A1, . . . , Ar be the finite partition of A corresponding to the isomorphism types of the
connected components of Γ, that is, Γi ∼= Γj if and only if i, j ∈ Ak for some k. Fix
A¯ = (A;A1, . . . , Ar). For each i, j ∈ A, let Ψi,j = Iso(Γi; Γj) and fix Ψ =
⋃
i,j∈A Ψi,j. Then
Ψ clearly satisfy Conditions (A), (B) and (C). Let pi ∈ Aut(A¯) and, for each i ∈ A, let
φi ∈ Ψi,ipi. Then by Proposition 5.3, φ =
⋃
i∈A φi is an automorphism of Γ, and so Ψ
satisfies Condition (D). Hence C(Γ) forms an (Γ; A¯; Ψ)-system. Each Γi is ℵ0-categorical
(over Ψi,i = Aut(Γi)) and A¯ is ℵ0-categorical by Corollary 2.9, and so Γ is ℵ0-categorical
by Corollary 3.5. 
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Definition 5.5. Let S = M0[G; I,Λ;P ] be a Rees matrix semigroup with P = (pλ,i).
Then we form a bipartite graph Γ(P ) = 〈I,Λ, E〉 with edge set
E = {{i, λ} : pλ,i 6= 0},
which we call the induced bipartite graph of S.
The above construct has long been fundamental to the study of Rees matrix semigroups,
and has its roots in a paper by Graham in [6]. Here, it is used to describe the maximal
nilpotent subsemigroups of a Rees matrix semigroup, where a semigroup is nilpotent if
some power is equal to {0}. All maximal subsemigroups of a finite Rees matrix semigroup
were described in the same paper, a result which was later extended in [7] to arbitrary finite
semigroups. In [12], Howie used the induced bipartite graph to describe the subsemigroup
of a Rees matrix semigroup generated by its idempotents. Finally, in [11], Houghton
described the homology of the induced bipartite graph, and a detailed overview of his work
is given in [21].
Example 5.6. Let S =M0[G; {1, 2, 3}, {λ, µ};P ] where
P =
1 2 3[ ]
a b 0 λ
0 c d µ
Then the induced bipartite graph of S is given in Figure 1.
1 2 3
λ µ
Figure 1. Induced bipartite graph
Example 5.7. Let S = M0[G; I,Λ;P ] be such that P has no zero entries, so that S is
isomorphic to a completely simple semigroup with zero adjoined. Then Γ(P ) is a complete
bipartite graph.
Notation 5.8. Let S = M0[G; I,Λ;P ] be a Rees matrix semigroup. Given an n-tuple
a = ((i1, g1, λ1), . . . , (in, gn, λn)) of S∗, we denote Γ(a) as the 2n-tuple (i1, λ1, . . . , in, λn) of
Γ(P ).
Following [2], we adapt the isomorphism theorem for Rees matrix semigroups to explicitly
highlight the roll of the induced bipartite graph:
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Theorem 5.9. Let S1 =M0[G1; I1,Λ1;P1] and S2 =M0[G2; I2,Λ2;P2] be a pair of Rees
matrix semigroups with sandwich matrices P1 = (pλ,i) and P2 = (qµ,j), respectively. Let
ψ ∈ Iso(Γ(P1); Γ(P2)), θ ∈ Iso(G1;G2), and ui, vλ ∈ G2 for each i ∈ I1, λ ∈ Λ1. Then the
mapping φ : S1 → S2 given by
(i, g, λ)φ = (iψ, ui(gθ)vλ, λψ)
is an isomorphism if and only if pλ,i θ = vλ · qλψ,iψ · ui whenever pλ,i 6= 0. Moreover, every
isomorphism from S1 to S2 can be described in this way.
The isomorphism φ will be denoted as (θ, ψ, (ui)i∈I , (vλ)λ∈Λ). We also denote the induced
group isomorphism θ as φG1 , and the induced bipartite graph isomorphism ψ as φΓ(P1), so
that φ = (φG1 , ψΓ(P1), (ui)i∈I1 , (vλ)λ∈Λ1). Note that the induced group isomorphism is not
uniquely defined by φ. That is, there may exist θ′ ∈ Iso(G1;G2) and u′i, v′λ ∈ G2, such
that θ′ 6= θ but φ = (θ′, ψ, (u′i)i∈I1 , (v′λ)λ∈Λ1). Examples of this phenomenon will occur
throughout this work.
The composition and inverses of isomorphisms between Rees matrix semigroups behave
in a natural way as follows, and a proof can be found in [17].
Corollary 5.10. Let Sk = M0[Gk; Ik,Λk;Pk] (k = 1, 2, 3) be Rees matrix semigroups.
Then for any pair of isomorphisms φ = (θ, ψ, (ui)i∈I1 , (vλ)λ∈Λ1) ∈ Iso(S1;S2) and φ′ =
(θ′, ψ′, (u′j)j∈I2 , (v
′
µ)µ∈Λ2) ∈ Iso(S2;S3) we have:
(i) φφ′ =
(
θθ′, ψψ′, (u′iψ(uiθ
′))i∈I1 , ((vλθ
′)v′λψ)λ∈Λ1
)
;
(ii) φ−1 = (θ−1, ψ−1, ((uiψ−1)−1θ−1)i∈I2 , ((vλψ−1)−1θ−1)λ∈Λ2).
Let Γ = 〈L,R,E〉 be a bipartite graph. For each n ∈ N, we let σΓ,n be the equivalence
relation on Γn given by
(x1, . . . , xn)σΓ,n (y1, . . . , yn)⇔ [xi ∈ L⇔ yi ∈ L, for each 1 ≤ i ≤ n].
Since each entry of an n-tuple of Γ lies in either L or R we have that
|Γn/σΓ,n| = 2n,
for each n. Moreover, as the automorphisms of Γ fixes the sets L and R, it easily follows
that ∼Γ,n⊆ σΓ,n.
Proposition 5.11. If S = M0[G; I,Λ;P ] is ℵ0-categorical, then G and Γ(P ) are ℵ0-
categorical.
Proof. Since G is isomorphic to the non-zero maximal subgroups of S, it is ℵ0-categorical
by [5, Corollary 3.7]. Now let a = (a1, . . . , an) and b = (b1, . . . , bn) be a pair of σΓ,n-related
n-tuples of Γ(P ). Let i1 < i2 < · · · < is and j1 < j2 < · · · < jt be the indexes of entries of
a lying in L and R, respectively (noting that the same is true for b as a σΓ,n b). Suppose
further that there exists i ∈ I, λ ∈ Λ such that the n-tuples
((ai1 , 1, λ), . . . , (ais , 1, λ), (i, 1, aj1), . . . , (i, 1, ajt)) and
((bi1 , 1, λ), . . . , (bis , 1, λ), (i, 1, bj1), . . . , (i, 1, bjt)),
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are automorphically equivalent via φ ∈ Aut(S), say. Then airφΓ(P ) = bir and ajr′φΓ(P ) =
bjr′ , for each 1 ≤ r ≤ s and 1 ≤ r′ ≤ t by Theorem 5.9. Hence a ∼Γ(P ),n b via φΓ(P ), and
we have thus shown that
|Γ(P )n/ ∼Γ(P ),n | ≤ 2n · |Sn/ ∼S,n |.
Hence Γ(P ) is ℵ0-categorical by the ℵ0-categoricity of S. 
In the next subsection we construct a counterexample to the converse of Proposition
5.11. Our method will be to transfer the concept of the connected components of bipartite
graphs to corresponding subsemigroups of Rees matrix semigroups.
5.1. Connected Rees components. Let Sk =M0[G; Ik,Λk;Pk] (k ∈ A) be a collection
of Rees matrix semigroups with Pk = (p
(k)
λ,i ) and Sk ∩ S` = {0} for eack k, ` ∈ A. Then
we may form a single Rees matrix semigroup S = M0[G; I,Λ;P ], where I = ⋃k∈A Ik,
Λ =
⋃
k∈A Λk and P = (pλ,i) is the Λ by I matrix defined by
pλ,i =
{
p
(k)
λ,i if λ, i ∈ Γ(Pk), for some k
0 else.
That is, P is the block matrix
(5.1) P =

P1 0 0 · · ·
0 P2 0 · · ·
0 0 P3
. . .
...
... . . . . . .
 .
We denote S by ~Gk∈ASk. The subsemigroups Sk of S are called Rees components of S.
Notice that each Γ(Pk) is a union of connected components of Γ(P ). The subsemigroup
Sk will be called a connected Rees component of S if Γ(Pk) is connected (and is therefore
a connected component of Γ(P )).
Conversely, for any Rees matrix semigroup S = M0[G; I,Λ;P ] there exists partitions
{Ik : k ∈ A} and {Λk : k ∈ A} of I and Λ, respectively, such that C(Γ(P )) = {Λk ∪ Ik :
k ∈ A}. Consequently, for each k ∈ A, the subsemigroup Sk = M0[G; Ik,Λk;Pk] of S is
a connected Rees component, where Pk is the Λk × Ik submatrix of P , and are such that
SkS` = 0 for all k 6= `. Following the work of Graham [6], we may then permute the rows
and columns of P if necessary to assume w.l.o.g. that P is a block matrix of the form (5.1).
Note that if S is a Rees matrix semigroup with connected Rees components {Sk : k ∈ A}
then clearly
(5.2) E(S) =
⋃
k∈A
E(Sk).
Using the fact that automorphisms of Γ(P ) arise as collections of isomorphisms between
its connected components, we obtain an alternative description of automorphisms of a Rees
matrix semigroups. The proof is a simple exercise, and can be found in [17].
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Corollary 5.12. Let S =~Gk∈ASk =M0[G; I,Λ;P ] be a Rees matrix semigroup such that
each Sk = M0[G; Ik,Λk;Pk] is a connected Rees component of S. Let pi be a bijection of
A and, for each k ∈ A, let φk = (θ, ψk, (u(k)i )i∈Ik , (v(k)λ )λ∈Λk) be an isomorphism from Sk to
Skpi. Then φ = (θ, ψ, (ui)i∈I , (vλ)λ∈Λ) is an automorphism of S, where ψ =
⋃
k∈A ψk, and
if i, λ ∈ Γ(Pk) then ui = u(k)i and vλ = v(k)λ . Moreover, every automorphism of S can be
described in this way.
We observe that the induced group automorphisms of the isomorphisms φk above must
all be equal.
Recall that if S =M0[G; I,Λ;P ] is ℵ0-categorical, then Γ(P ) is ℵ0-categorical by Propo-
sition 5.11, and thus C(Γ(P )) is finite, up to isomorphism, with each connected component
being ℵ0-categorical by Proposition 5.4. We extend this result to the set of all connected
Rees components of S as follows:
Proposition 5.13. Let S =~Gk∈ASk be an ℵ0-categorical Rees matrix semigroup such that
each Sk is a connected Rees component of S. Then each Sk is ℵ0-categorical and S has
finitely many connected Rees components, up to isomorphism.
Proof. We claim that {(Sk, ak) : k ∈ A} is a system of 1-pivoted p.r.c. subsemigroups of
S for any ak ∈ S∗k , to which the result follows by Proposition 2.3. Indeed, let φ be an
automorphism of S such that akφ = al for some k, l. Then, by Corollary 5.12, there exists
a bijection pi of A with Skφ = Skpi = Sl as required. 
Our interest is now in attaining a converse to the proposition above, since it would
provide us with a method for building ‘new’ ℵ0-categorical Rees matrix semigroups from
‘old’. With the aid of Lemma 3.4, we shall prove that a converse exists in the class of Rees
matrix semigroups over finite groups. The case where the maximal subgroups are infinite
is an open problem.
Given a pair S = M0[G; I,Λ;P ] and S ′ = M0[G; I ′,Λ′;Q] of Rees matrix semigroups
over a group G, we denote Iso(S;S ′)(1G) as the set of isomorphisms between S and S ′ with
trivial induced group isomorphism. That is, Iso(S;S ′)(1G) is the set
{φ ∈ Iso(S;S ′) : ∃ψ ∈ Iso(Γ(P ); Γ(Q)) and ui, vλ ∈ G such that φ = (1G, ψ, (ui)i∈I , (vλ)λ∈Λ)}.
If S = S ′ we denote this simply as Aut(S)(1G), and notice that Aut(S)(1G) is a subgroup
of Aut(S) by Corollary 5.10.
Lemma 5.14. Let S =M0[G; I,Λ;P ] be a Rees matrix semigroup over a finite group G.
Then S is ℵ0-categorical if and only if S is ℵ0-categorical over Aut(S)(1G).
Proof. Let S be ℵ0-categorical with G = {g1, . . . , gr}. Let a and b be a pair of n-tuples of S.
For some fixed pµ,j 6= 0, let g be the r-tuple of S given by g = ((j, g1, µ), . . . , (j, gr, µ)), and
suppose (a, g) ∼S,n+r (b, g) via φ = (θ, ψ, (ui)i∈I , (vλ)λ∈Λ), say. Then, for each 1 ≤ k ≤ r,
we have
(j, gk, µ)φ = (jψ, uj(gkθ)vµ, µψ) = (j, gk, µ),
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so that gkθ = u−1j gkv−1µ . For each i ∈ I, λ ∈ Λ, let u¯i = uiu−1j and v¯λ = v−1µ vλ. Then
(iψ, u¯igkv¯λ, λψ) = (iψ, (uiu
−1
j )gk(v
−1
µ vλ), λψ)
= (iψ, ui(gkθ)vλ, λψ)
= (i, gk, λ)φ,
for any (i, gk, λ) ∈ S, so that φ = (1G, ψ, (u¯i)i∈I , (v¯λ)λ∈Λ) ∈ Aut(S)(1G). Consequently,
(a, g) ∼S,Aut(S)(1G),n+r (b, g) and in particular a ∼S,Aut(S)(1G),n b. We have thus shown that
|Sn/ ∼S,Aut(S)(1G),n | ≤ |Sn+r/ ∼S,n+r | < ℵ0,
as S is ℵ0-categorical. Hence S is ℵ0-categorical over Aut(S)(1G).
The converse is immediate. 
We are now able to prove our desired converse to Proposition 5.13 in the case where the
maximal subgroups are finite.
Theorem 5.15. Let S =M0[G; I,Λ;P ] be a Rees matrix semigroup such that G is finite.
Then S is ℵ0-categorical if and only if each connected Rees component of S is ℵ0-categorical
and S has only finitely many connected Rees components, up to isomorphism.
Proof. (⇒) Immediate from Proposition 5.13.
(⇐) Since S is regular with finite maximal subgroups, to prove S is ℵ0-categorical,
it suffices by [5, Corollary 3.13] to show that |E(S)n/ ∼S,n | is finite, for each n ∈ N.
Let {Sk : k ∈ A} be the set of connected Rees components of S, which is finite up to
isomorphism and with each Sk being ℵ0-categorical. Define a relation η on A by i η j if and
only if Iso(Si;Sj)(1G) 6= ∅. By Corollary 5.10 we have that η is an equivalence relation.
We first prove that A/η is finite. Suppose for contradiction that there exists an infinite
set X of pairwise η-inequivalent elements of A. Since S has finitely many connected
components up to isomorphism, there exists an infinite subset {ir : r ∈ N} of X such
that Sin ∼= Sim for each n,m. Fix an isomorphism φin : Sin → Si1 for each n ∈ N.
Then as Aut(G) is finite there exists distinct n,m such that φGin = φ
G
im , and so φinφ
−1
im
∈
Iso(Sin ;Sjm)(1G) by Corollary 5.10. Hence in η im, a contradiction, and so A/η is finite.
Let S ′ =
⋃
k∈A Sk, noting that S
′ is the 0-direct union of the Sk, and in particular is
a subsemigroup of S. Let A/η = {A1, . . . , Ar} and set A¯ = (A;A1, . . . , Ar). For each
i, j ∈ A, let Ψi,j = Iso(Si;Sj)(1G) and fix Ψ =
⋃
i,j∈A Ψi,j. We prove that {Sk : k ∈ A}
forms an (S;S ′; A¯; Ψ)-system in S. First, by our construction, if i, j ∈ Am for some m then
Ψi,j 6= ∅, and so Ψ satisfies Condition (3.1). Furthermore, it follows immediately from
Corollary 5.10 that Ψ satisfies Conditions (3.2) and (3.3). Finally, take any pi ∈ Aut(A¯)
and, for each k ∈ A, let φk ∈ Ψk,kpi. Then as φGk = 1G for each k ∈ A, we may construct an
automorphism φ of S from the set of isomorphisms {φk : k ∈ A} by Corollary 5.12. Hence,
as φ extends each φk by construction, we have that {Sk : k ∈ A} forms an (S;S ′; A¯; Ψ)-
system as required. Since Sk is ℵ0-categorical, it is ℵ0-categorical over Ψk,k = Aut(Sk)(1G)
by Lemma 5.14. By Corollary 2.9 A¯ is ℵ0-categorical, and so
|(S ′)n/ ∼S,n | < ℵ0
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by Lemma 3.4. Given that E(S) ⊆ S ′ by (5.2), we therefore have that
|E(S)n/ ∼S,n | ≤ |(S ′)n/ ∼S,n | < ℵ0.
Hence S is ℵ0-categorical. 
Open Problem 5.16. Does Theorem 5.15 hold if G is allowed to be any ℵ0-categorical
group?
We now have a simple tool for constructing a counterexample to the converse of Propo-
sition 5.11. Indeed, by Proposition 5.13, it suffices to find a Rees matrix semigroup over an
ℵ0-categorical group with ℵ0-categorical induced bipartite graph, but with infinitely many
non-isomorphic connected Rees components.
Example 5.17. Let G be an ℵ0-categorical infinite abelian group with identity element
1, and {gi : i ∈ N} be an enumeration of its non-identity elements (such a group exists by
the work of Rosenstein [22], taking G =
⊕
N Z2, for example). Let Ik = {iks : s ∈ N} and
Λk = {λkt : t ∈ N} be infinite sets for each k ∈ N. Let Pk = (p(k)λks ,ikt ) be the Λk × Ik matrix
such that p(k)
λkm,i
k
m
= gm for each 1 ≤ m ≤ k, and all other entries being 1, that is,
Pk =

g1 1 1 · · · 1 1 · · ·
1 g2 1 · · · 1 1 · · ·
1 1
. . . . . . ...
...
...
...
... . . . . . . 1 1 · · ·
1 1 · · · 1 gk 1 · · ·
1 1 · · · 1 1 1 · · ·
...
... · · · ... ... ... . . .

.
Then each Γ(Pk) is a complete bipartite graph, isomorphic to Kℵ0,ℵ0 , and is thus ℵ0-
categorical by Theorem 5.2. For each k ∈ N, let Sk be the connected Rees matrix semigroup
[G; Ik,Λk;Pk], and set
~Gk∈NSk =M0[G; I,Λ;P ].
Then Γ(P ), being the disjoint union of the pairwise isomorphic ℵ0-categorical bipartite
graphs Γ(Pk), is ℵ0-categorical by Theorem 5.4.
We claim that Sk ∼= S` if and only if k = l. Let (θ, ψ, (ui)i∈Ik , (vλ)λ∈Λk) be an isomorphism
between Sk and S`, and assume w.l.o.g. that k ≥ `. Since there exists only finitely many
rows of Pk and P` which have non-identity entries, there exists λks ∈ Λk such that both row
λks of Pk and row λksψ of P` consist entirely of identity entries. Hence, for each ikt ∈ Ik,
p
(k)
λks ,i
k
t
θ = 1θ = 1 = vλks · p
(`)
λksψ,i
k
t ψ
· uikt = vλksuikt
by Theorem 5.9, so that
v−1
λks
= uik1 = uik2 = · · · = u,
say. Dually, by considering the columns of Pk and P`, we have
vλk1 = vλk2 = · · · = u−1,
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since v−1
λks
= u. We therefore have, for each 1 ≤ m ≤ k,
gmθ = p
(k)
λkm,i
k
m
θ = u−1 · p(`)
λkmψ,i
k
mψ
· u = p(`)
λkmψ,i
k
mψ
∈ {g1, . . . , g`}
as G is abelian. It follows that the automorphism θ maps {g1, . . . , gk} to {g1, . . . , g`}.
Since k ≥ `, this forces k = l, thus proving the claim. We have shown thatM0[G; I,Λ;P ]
has infinitely many non-isomorphic connected Rees components, and is therefore not ℵ0-
categorical by Proposition 5.13.
5.2. Labelled bipartite graphs. In Example 5.17, the problem which arose was that by
shifting from the sandwich matrix P = (pλ,i) to the induced bipartite graph Γ(P ) we have
“forgotten” the value of the entries pλ,i. In this subsection we extend the construction of the
induced bipartite graph of a Rees matrix semigroup to attempt to rectifying this problem,
as well as to build classes of ℵ0-categorical Rees matrix semigroups. Further examples of
ℵ0-categorical Rees matrix semigroups can then be built using Theorem 5.15.
Definition 5.18. Let Γ = 〈L,R,E〉 be a bipartite graph, Σ a set, and f : E → Σ a
surjective map. Then the triple (Γ,Σ, f) is called a Σ-labelled (by f) bipartite graph, which
we denote as Γf .
A pair of Σ-labelled bipartite graphs Γf = (Γ,Σ, f) and Γf ′ = (Γ′,Σ, f ′) are isomorphic
if there exists an isomorphism ψ : Γ→ Γ′ which preserves labels, that is, such that
{x, y}f = σ ⇔ {xψ, yψ}f ′ = σ.
This gives rise to a natural signature in which to consider Σ-labelled bipartite graphs as
follows. For each σ ∈ Σ, take a binary relation symbol Eσ and let
LBGΣ = LBG ∪ {Eσ : σ ∈ Σ}.
Then we call LBGΣ the signature of Σ-labelled bipartite graphs, where (x, y) ∈ Eσ if and
only if {x, y} ∈ E and {x, y}f = σ.
Let Γf be a Σ-labelled bipartite graph. Then for any set Σ′ and bijection g : Σ→ Σ′, we
can form a Σ′-labelling of Γ simply by taking Γfg, which we call a relabelling of Γf . Notice
that if ψ is an automorphism of Γ, then ψ ∈ Aut(Γf ) if and only if ψ ∈ Aut(Γfg). Indeed,
if ψ ∈ Aut(Γf ) then for any edge {x, y} of Γ we have
{x, y}fg = σ′ ⇔ {x, y}f = σ′g−1 ⇔ {xψ, yψ}f = σ′g−1 ⇔ {xψ, yψ}fg = σ′,
since g is a bijection. The converse is proven similarly, and the following result is then
immediate from the RNT.
Lemma 5.19. Let Γf be a Σ-labelling of a bipartite graph Γ. Then Γf is ℵ0-categorical if
and only if any relabelling of Γf is ℵ0-categorical.
Lemma 5.20. If Γf = (Γ,Σ, f) is an ℵ0-categorical labelled bipartite graph then Σ is finite
and Γ is ℵ0-categorical.
Proof. For each σ ∈ Σ, let {xσ, yσ} be an edge in Γ such that {xσ, yσ}f = σ. Then
{(xσ, yσ) : σ ∈ Σ} is a set of distinct 2-automorphism types of Γf , and so Σ is finite by the
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RNT. Since automorphisms of Γf induce automorphisms of Γ, the final result is immediate
from the RNT. 
A consequence of the previous pair of lemmas is that, in the context of ℵ0-categoricity, it
suffices to consider finitely labelled bipartite graphs, with labelling set m = {1, 2, . . . ,m}
for some m ∈ N.
Lemma 5.21. Let Γf = (〈L,R,E〉,m, f) be an m-labelled bipartite graph such that either
L or R are finite. Then Γf is ℵ0-categorical.
Proof. Without loss of generality assume that L = {l1, l2, . . . , lr} is finite. Define a relation
τ on R by y τ y′ if and only if y and y′ are adjacent to the same elements in L and {li, y}f =
{li, y′}f for each such li ∈ L. Note that since both L and m are finite, R has finitely many
τ -classes, say R1, . . . , Rt. Considering R simply as a set, fix A = (R;R1, . . . , Rt).
Since L is finite, to prove that Γf is ℵ0-categorical it suffices to show that (Γf \L)n = Rn
has finitely many ∼Γf ,n-classes for each n ∈ N by a simple generalization of [5, Proposition
2.11]. Let a = (r1, . . . , rn) and b = (r′1, . . . , r′n) be n-tuples of R such that a ∼A,n b via
ψ ∈ Aut(A), say. We claim that the map ψˆ : Γf → Γf which fixes L and is such that
ψˆ|R = ψ is an automorphism of Γf . Indeed, as ψ setwise fixes the τ -classes, we have
(λ, λψ) ∈ τ for each λ ∈ R. Hence λ and λψ are adjacent to the same elements in L, and
so
{li, λ} ∈ E ⇔ {li, λψ} ∈ E ⇔ {liψˆ, λψˆ} ∈ E,
so that ψˆ is an automorphism of Γ. Similarly {li, λ}f = {li, λψ}f = {liψˆ, λψˆ}f , so that ψˆ
preserves labels. This proves the claim.
For each 1 ≤ k ≤ n we have rkψˆ = rkψ = r′k, so that a ∼Γf ,n b. Consequently,
|(Γf \ L)n/ ∼Γf ,n | ≤ |An/ ∼A,n |.
The set extension A is ℵ0-categorical by Corollary 2.9, and so |An/ ∼A,n | is finite for each
n ≥ 1. Hence Γf is ℵ0-categorical. 
Lemma 5.22. Let Γf = (〈L,R,E〉,m, f) be such that there exists p ∈m with {x, y}f = p
for all but finitely many edges in Γ. Then Γf is ℵ0-categorical if and only if Γ is ℵ0-
categorical.
Proof. Suppose Γ is ℵ0-categorical, and that {l1, r1}, . . . , {lt, rt} are precisely the edges of
Γ such that {lk, rk}f 6= p, where lk ∈ L and rk ∈ R. Let a and b be n-tuples of Γf such
that
(a, l1, r1, . . . , lt, rt) ∼Γ,n+2t (b, l1, r1, . . . , lt, rt)
via ψ ∈ Aut(Γ), say. We claim that ψ is an automorphism of Γf . For each 1 ≤ k ≤ t we
have lkψ = lk and rkψ = rk so that
{lk, rk}f = {lkψ, rkψ}f.
It follows that {l, r}f = p if and only if {lψ, rψ}f = p, and so ψ preserves all labels, thus
proving the claim. Consequently, a ∼Γf ,n b via ψ, so that
|(Γf )n/ ∼Γf ,n | ≤ |Γn+2t/ ∼Γ,n+2t | < ℵ0
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by the ℵ0-categoricity of Γ. Hence Γf is ℵ0-categorical.
The converse is immediate from Lemma 5.20. 
Definition 5.23. Given a Rees matrix semigroup S = M0[G; I,Λ;P ], we form a G(P )-
labelling of the induced bipartite graph Γ(P ) = 〈I,Λ, E〉 of S in the natural way by taking
the labelling f : E → G(P ) given by
{i, λ}f = pλ,i.
We denote the labelled bipartite graph by Γ(P )l, which we call the induced labelled bipartite
graph of S.
Note that, unlike the corresponding case for the induced bipartite graph Γ(P ), there
exists isomorphic Rees matrix semigroups with non-isomorphic induced labelled bipartite
graphs. For example, let G be a non-trivial group and P and Q be 1 × 2 matrices over
G ∪ {0} given by
P =
(
1 a
)
Q =
(
1 1
)
where a /∈ {0, 1}. Let S = M0[G;2,1;P ] and T = M0[G;2,1;Q], noting that Γ(P ) =
Γ(Q) (and are isomorphic to K2,1). Then (1G, 1Γ(P ), (ui)i∈2, (vλ)λ∈1) is an isomorphism
from S to T , where u1 = 1 = v1, and u2 = a. However, since Γ(P )l and Γ(Q)l have
different labelling sets, they are not isomorphic.
Proposition 5.24. Let S = M0[G; I,Λ;P ] be such that G and Γ(P )l are ℵ0-categorical.
Then S is ℵ0-categorical.
Proof. Since Γ(P )l is ℵ0-categorical, the set G(P ) is finite by Lemma 5.20, say G(P ) =
{x1, . . . , xr}. Let a = ((i1, g1, λ1), . . . , (in, gn, λn)) and b = ((j1, h1, µ1), . . . , (jn, hn, µn)) be
a pair of n-tuples of S∗ under the pair of conditions that
(1) (g1, . . . , gn, x1, . . . , xr) ∼G,n+r (h1, . . . , hn, x1, . . . , xr),
(2) Γ(a) ∼Γ(P )l,2n Γ(b),
via θ ∈ Aut(G) and ψ ∈ Aut(Γ(P )l), respectively (noting the use of Notation 5.8 here). We
claim that φ = (θ, ψ, (1)i∈I , (1)λ∈Λ) is an automorphism of S. Indeed, if pλ,i 6= 0 for some
i ∈ I, λ ∈ Λ, then pλ,i = xk for some k, so that {i, λ}f = {iψ, λψ}f = xk. Consequently,
pλ,iθ = xkθ = xk = pλψ,iψ,
and claim follows by Theorem 5.9. Hence
(it, gt, λt)φ = (itψ, gtθ, λtψ) = (jt, ht, µt)
for each 1 ≤ t ≤ n, so that
|(S∗)n/ ∼S,n | ≤ |Gn+r/ ∼G,n+r | · |(Γ(P )l)2n/ ∼Γ(P )l,2n | < ℵ0,
as G and Γ(P )l are ℵ0-categorical. Hence S is ℵ0-categorical by [5, Proposition 2.11]. 
The converse however fails to hold in general, and a counterexample will be constructed
at the end of the section. Despite this, the proposition above enables us to produce
concrete examples of ℵ0-categorical Rees matrix semigroups. For example, the result below
is immediate from Lemma 5.21.
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Corollary 5.25. Let S be a Rees matrix semigroup over an ℵ0-categorical group having
sandwich matrix P with finitely many rows or columns, and G(P ) being finite. Then S is
ℵ0-categorical.
Similarly, Lemma 5.22 may be used in conjunction with Proposition 5.24 to obtain:
Corollary 5.26. Let S =M0[G; I,Λ;P ] be a Rees matrix semigroup such that G and Γ(P )
are ℵ0-categorical, and all but finitely many of the non-zero entries of P are the identity
of G. Then S is ℵ0-categorical.
Following [14], we call a completely 0-simple semigroup S pure if it is isomorphic to a
Rees matrix semigroup with sandwich matrix over {0, 1}. In [11], Houghton considered
trivial cohomology classes of Rees matrix semigroups, a property which is proven in Section
2 of his article to be equivalent to being pure. Hence, by [11, Theorem 5.1], a completely
0-simple semigroup is pure if and only if, for each a, b ∈ S,
[a, b ∈ 〈E(S)〉 and aH b]⇒ a = b.
It follows that all orthodox completely 0-simple semigroups are necessarily pure, but the
converse is not true in general. Indeed, a completely 0-simple semigroup is orthodox if and
only if it is isomorphic to a Rees matrix semigroup with sandwich matrix over {0, 1} and
with induced bipartite graph a disjoint union of complete bipartite graphs [9, Theorem 6].
Hence, in this case, it can be easily shown that the isomorphism types of the connected Rees
components depends only on the isomorphism types of the induced (complete) bipartite
graphs.
We observe that if the sandwich matrix of a Rees matrix semigroup is over {0, 1} then
Γ(P )l is simply labelled by {1}. Therefore all automorphisms of Γ(P ) automatically pre-
serve the labelling, and so Γ(P )l is ℵ0-categorical if and only if Γ(P ) is ℵ0-categorical. The
following result is then immediate from Proposition 5.11 and Corollary 5.26.
Corollary 5.27. A pure Rees matrix semigroup M0[G; I,Λ;P ] is ℵ0-categorical if and
only if G and Γ(P ) are ℵ0-categorical.
Furthermore, since complete bipartite graphs are ℵ0-categorical by Theorem 5.2, a dis-
joint union of complete bipartite graphs is ℵ0-categorical if and only if it has finitely many
connected components, up to isomorphism, by Proposition 5.4. The corollary above thus
reduces in the orthodox case as follows.
Corollary 5.28. Let S =M0[G; I,Λ;P ] be an orthodox Rees matrix semigroup. Then S
is ℵ0-categorical if and only if G is ℵ0-categorical and Γ(P ) has finitely many connected
components, up to isomorphism.
In [5] we studied inverse completely 0-simple semigroups, that is, Brandt semigroups.
These are necessarily orthodox, and are isomorphic to a Rees matrix semigroup of the form
M0[G; I, I;P ] where P is the identity matrix, that is, pii = 1 and pij = 0 for each i 6= j
in I, and are denoted B0[G; I]. Since the induced biparite graph of a Brandt semigroup
is a perfect matching, it is ℵ0-categorical by Theorem 5.2. Corollary 5.28 then simplifies
to obtain our classification of ℵ0-categorical Brandt semigroups [5, Proposition 4.3], which
26 THOMAS QUINN-GREGSON
states that a Brandt semigroup over a group G is ℵ0-categorical if and only if G is ℵ0-
categorical.
We are now able to construct a simple counterexample to the converse of Proposition
5.24. Let G = {gi : i ∈ N} be an infinite ℵ0-categorical group. Let
S =M0[G;N,N;P ] = B0[G;N] and T =M0[G;N,N;Q],
where Q = (qi,j) is such that qi,i = gi and qi,j = 0 for each i 6= j. Then Γ(P ) = Γ(Q) (and
are isomorphic to PN) and (1G, 1Γ(P ), (g−1i )i∈N, (1)λ∈N) is an isomorphism from S to T by
Theorem 5.9 since
pi,i1G = 1 = gig
−1
i = 1 · qi,i · g−1i ,
for each i ∈ N. Since S is ℵ0-categorical by the ℵ0-categoricity of G, the same is true of
T . However, Γ(Q)l is a G-labelling, and is thus not ℵ0-categorical by Lemma 5.20. Hence
T is our desired counterexample.
Open Problem 5.29. Does there exist an ℵ0-categorical connected Rees matrix semigroup
over a finite group which is not isomorphic to a Rees matrix semigroup with ℵ0-categorical
induced labelled bipartite graph?
To further incorporate the link between the induced bipartite graph of a Rees matrix
semigroup and the entries of the sandwich matrix, we could instead introduce the stronger
notion of an induced group labelled bipartite graph. A group labelled bipartite graph is a G-
labelled bipartite graph Γf = (〈L,R,E〉, G, f), for some group G, where an automorphism
of Γf is a pair (ψ, θ) ∈ Aut(Γ)× Aut(G) such that, for each ` ∈ L, r ∈ R,
(`, r)f = g ⇔ (`ψ, rψ)f = gθ.
However, group labelled biparite graphs do not appear to be first order structures.
Let S =M0[G; I,Λ;P ] be such that G(P ) forms a subgroup of G. Then we may define
the induced group labelled bipartite graph of S as the G(P )-labelled bipartite graph Γ(P )f ,
with automorphisms being pairs (ψ, θ) ∈ Aut(Γ) × Aut(G(P )) such that pλψ,iψ = pλ,iθ
for each i ∈ I, λ ∈ Λ. Notice that if (ψ, θ) is an automorphism of the induced group
labelled bipartite graph of S and is such that θ extends to an automorphism θ′ of G, then
(θ′, ψ, (1)i∈I , (1)λ∈Λ) is clearly an automorphism of S. However, we do not in general obtain
all automorphisms of S in this way. Similar problems therefore arise in regard to when
ℵ0-categoricity of S passes to its induced group labelled bipartite graph (by which we mean
the induced group labelled bipartite graph has an oligomorphic automorphism group).
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